ALMOST-PRIMES REPRESENTED BY QUADRATIC POLYNOMIALS
ROBERT J. LEMKE OLIVER

ABSTRACT. Let G(z) be an irreducible polynomial with integer coefficients. It is conjectured
that the set {n € N : G(n) is prime} is infinite for most G(x). If P. denotes the set
of squarefree positive integers with at most r prime factors, we consider the set {n € N :
G(n) € P.} with the goal of showing that it is infinite for a suitable choice of r. Considerable
work has been done on this problem, with the most notable results being due to Iwaniec,
Buhstab, and Richert. Here we show that if deg(G(x)) = 2, then we may take r = 2.

1. INTRODUCTION

Let G(x) = ¢ga9 + ¢go129 1 + ...+ 1@ + ¢o € Z[z] be an irreducible polynomial of degree
¢ and discriminant D, and let p(m) = pg(m) denote the number of incongruent solutions to
the congruence G(n) = 0 (mod m). Throughout, we assume that ¢, > 0 and p(p) # p for all
primes p. The question of how often G(x) represents primes is the content of a conjecture
by Bouniakowsky [2], and, more generally, by Schinzel [13] and Bateman and Horn [1]:

Conjecture. Assuming the notation and hypotheses above, we have that

x
1<n<z:G i 1 ~Ta-
#{1 <n <az:G(n)is prime} a gz’
where )
1 p(p))( 1)
T = - A2 I (5 B
ey (-5 (1

p prime

The prime number theorem for primes in arithmetic progressions implies that this conjec-
ture is true when g = 1. Very little is known if g > 2.

Remark. There have been fantastic recent results on the related problem for polynomials
in two variables, such as 2%+ y* and 23 + 2y, which Friedlander and Iwaniec [5] and Heath-
Brown [6] have shown represent primes infinitely often; in fact, they have obtained the
asymptotic orders of the sets of such primes.

Here we consider how frequently G(x) represents numbers that are “almost prime.” To
this end, let P, denote the set of squarefree positive integers with at most r distinct prime
factors. The best general result along the lines of the above conjecture asserts that a degree
g polynomial G(z) represents P, infinitely often. For g < 7, this is due to Kuhn [9], Wang
[15], and Levin [11], and for general g this follows from work of Buhstab [3] and Richert
[12]. In the special case of G(z) = 2? + 1, a deep theorem of Iwaniec [8] states that G(z)
represents P infinitely often. To prove this, Iwaniec obtained a new form of the error in
the linear sieve, and he proved an equidistribution result about the roots of the quadratic
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congruence 2 + 1 = 0 (mod m). By generalizing Iwaniec’s result, we are able to obtain the
following theorem.

Theorem 1. If G(z) = cyx? + 1@ + ¢y € Z[x] is irreducible, with ¢, > 0 and ' # 0, then
there are infinitely many positive integers n such that G(n) is in Ps.

Remark. 1) If G(z) = ©2® + c1x + ¢y € Z[z] is irreducible, with ¢; > 0 and T'g¢ = 0,
then, since pg(p) < 2 for all primes p, we must have that pg(2) = 2. The polynomials
Go(z) :== G(2x)/2 and G4(x) := G(2z + 1)/2 are irreducible, have integer coefficients, and
satisfy pg,(2) = pe,(2) = 1. Theorem 1 then shows that G(n) is 2P, infinitely often.

2) The author, in unpublished work, has obtained conditions on higher degree G(z) which
would allow one to conclude that G(z) represents P, infinitely often. Unfortunately, these
conditions are rather technical, and there are no higher degree polynomials yet known to
satisfy them.

To prove Theorem 1, we use the method employed by Iwaniec [8] to consider arbitrary
quadratic polynomials. In Section 2, we transform the original problem into a sifting problem
to which we can apply Iwaniec’s linear sieve inequality. To obtain non-trivial cancellation
in the resulting error terms and deduce Theorem 1, we need a result on the distribution
of roots of G(z) to various moduli, which we prove in Section 3. To prove this result for
G(z) = 22+ 1, Iwaniec made use of the fact that disc(x*+1) = —4 is negative, which allowed
him to use the theory of positive definite quadratic forms. It is here, therefore, that most
of the additional work in handling arbitary quadratic polynomials is necessary, to account
for the fact that the discriminant may be positive and also that G(z) may not be monic.
This equidistribution problem also provides the obstruction for establishing the analogue of
Theorem 1 for higher degree polynomials.
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2. PrROOF OF THEOREM 1

We assume from here on out that G(x) is a fixed irreducible quadratic polynomial with
positive leading coefficent such that p(2) # 2. We apply the method of Twaniec [8] to obtain
an estimate for

#{l <n<z:G(n) e PR}
We will introduce a weighted sum in Section 2.1 which will change the problem into one of
establishing estimates of sifting functions, which we study by using the linear sieve in Section
2.2. In Section 2.3, we then use these estimates to complete the proof of Theorem 1.

2.1. A weighted sum. If we let
(2.1) A=A, ={G(n):1<n <z},
we wish to estimate the sum

>

acANP;
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To do so, we introduce a weight function w(n) and instead sum w(a). Let A be a real number
such that 2 < A < 3, and assume z is sufficiently large so that G(n) < 2 foralln <z Ifn
is a positive integer, let p,, and w(n) denote the smallest prime divisor of n and the number
of distinct prime divisors of n, respectively. For a prime p < 2*/2 such that p|n, let

1— &L if p=p,

l_ A/2logx
wp(n) == S 3rioez if p > p, and p < 24
1—/\/1;% if p > p, and p > M4,
then let
A2
(2.2) w(n):=1-— T wp(n).

pln,p<z?/?

Remark. The weights w(n) are the same weights that Iwaniec used, which are due to Richert
(unpublished, see [8]). Laborde [10] developed weights which would yield a slightly better
implied constant for the asymptotic #(A N Py) > sz but since we have suppressed the
constant, we choose to use Richert’s weights to maintain continuity with Iwaniec.

We require a lemma due to Iwaniec [8, Lemma 1], which asserts that the weight function
w(n) detects P, for squarefree n.

Lemma 1 (Iwaniec). If n < z* and w(n) > 0, then n has at most 2 distinct prime factors.

A/4

By Lemma 1, for any z < z/* we have that

#{aceA:aec P} > E w(a),
acA
(a,P(2))=1
a squarefree

where P(z) = H,p -, p. If z =27 for some v > 0, there are few non-squarefree a € A such
that (a, P(z)) =1, as

Z 1 < xA/2271/2 +x2/3 log4/3 z,
n<x
(G(n),P(2))=1
G(n) not squarefree
which we obtain by Iwaniec’s argument for 22 + 1 and an application of the square sieve [4,
Theorem 2.3.5]. Hence, we consider the sum

(2.3) WAz = >  w),

acA
(a,P(2))=1

with the goal of showing that W (A, z) > e For any positive integer ¢, let

A, ={a€ A:a=0(mod ¢)}.
Following Iwaniec, we can write W(A, z) in terms of the sifting functions

(2.4) S(Ag u) = #{a € A, : (a, P(u)) = 1},
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namely we have that

W) = S+ 2| Sy e,

3—2A )\/210gx
2<p<x*/* z<p1<p
log p log p
_ E 1_9_9°f __obF
(2.5) <( )\/2logx) Ay p) + /\/210g1:S<AP’Z)
2<p<a/4
logp
_ ) =2
R Z ( A/Zlogm) S Ay, 2)
M A<p<ar/?

2.2. The linear sieve. We have reduced the problem to that of obtaining a lower bound
for the function W (A, z) defined by (2.3), and by (2.4) and (2.5) this reduces to the problem
of obtaining good estimates for the sifting functions S(A,, ). We recall the following linear
sieve inequality [8, Lemma 2].

Lemma 2 (Iwaniec). Let ¢ > 1, u > 2, M > 2, and N > 2. For any n > 0 we have

7

S(A,u) < V(u)xm(F(s) + E)+ 2"

q R<ACI7M7N)7
S(Apa) 2 VD7) - ) 27 R(AG ML),

where s = log M N /logu, E < ns®>+n~%¢~*(log MN)~'/3 and

w-1(-4)

p<u

The functions F(s) and f(s) are the continuous solutions of the system of differential-
difference equations

sf(s) =0 if 0<s<2,
sF(s) = 2e¢ it 0<s<3,
(sf(s)) = F(s—1) if s> 2,
(sF(s)) = f(s—1) if s> 3,
where C' is Euler’s constant. The error term R(Ag; M, N) has the form
(2.6) R(A,; M,N) = Z am b1 (Ag; mn),

m<M,n<N,mn|P(u)
where
p([q, d))
r(Agd) = "A[q,d]’ — Wf&

and the coefficients a,, and b, are real numbers, bounded by 1 in absolute value, and sup-
ported on squarefree values of m and n.

The functions F'(s) and f(s) both tend to 1 monotonically as s — oo, F(s) from above
and f(s) from below. Thus, we wish to choose M and N so that s is large, but we do so
at the expense of increasing the size of the error term R(A,; M, N). Consequently, we are
mainly concerned with bounding R(A,; M, N) for large values of M and N.
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Lemma 3. With notation as in Lemma 2, for any € > 0 we have

Z Z bar(A;mn)| < 217

m<zl=8¢ |p<gro—71e
(n,m)=1

4o
1+B0?

1—ag
2(1+PBo)

where g := and vy 1= where ag and 3y are defined in Lemma 4.

Before we prove Lemma 3, we state a result whose proof we postpone until Section 3 (see
Lemma 8).

Lemma 4. Let ¢ be a squarefree number, d an odd divisor of ¢, u an integer prime to d,
and w a root of G(z) modulo d. Furthermore, let M < M; < 2M and 0 < a < 8 < 1. Let
P(M;, M;q,d, p,w,a, 5) denote the number of pairs of integers m, {2 such that M < m < My,
(m,q) =1, m = p(mod d), a < m% < B, G(2) = 0 (mod mgq), and Q = w (mod d). Then
there are constants A(q) > 0, ap < 1 and [y such that, for every € > 0,

A
P<M17 M;Qad7u7w7a7/8) = (6 - a)(Ml - M)p <%) ﬁ + O (Ma0+€q60+6) .
Proof of Lemma 3. Let
B(x;m,N) = Z b, r(A; mn).

n<N,(n,m)=1

Our initial task will be to bound B(z;m, N) by using Lemma 4. By the Cauchy-Schwarz
inequality, we get

(2.7) > \B(m;m,N)ngé( > B(x;m,N)2>

M<m<2M M<m<2M

1
2
Since we have that

B(z;m,N) = Z Z by, Z 1—%% )

o<wv<m n<N k<x
G(v)=0(mod m) (n,m)=1 k=v(mod m)
G(k)=0(mod n)

the Cauchy-Schwarz inequality implies that

B(z;m,N)* < p(m) Z Z by, Z 1—%%

o<v<m n<N k<x
G(v)=0(mod m) | (n,m)=1 k=v(mod m)

72

< MY 3 b, 3 1—%%
o<v<m n<N k<x

G(v)=0(mod m) | (n,m)=1 k=v(mod m)
G(k)=0(mod n)
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Expanding the square on the right-hand side and reintroducing the sum over m, we get that

(2.8) > Blaym,N)* < M (W(x; M,N) — 22V (2; M, N) + 2°U(M, N)) ,
M<m<2M
where
o) WMy = Y Y Y b YL
M<m<2M 0<wv<m ni,no<N k1, ka<z
G(v)=0(mod m) (nin2,m)=1 ki1=ko=v(mod m)

G(k1)=G(k2)=0(mod n)

(2.10) V(x; M,N) = > % > bmbm@ oo

M<m<2M 0<v<m ni,ne<N k<z

G(v)=0(mod m) (n1n2,m)=1 k=v(mod m)
G(k)=0(mod n1)
and
1 p(n1)p(n2)
M<m<2M  0<v<m n1,na<N 172
G(v)=0(mod m) (n1n2,m)=1

We will estimate W (z; M, N), V(z; M, N), and U(M, N) separately with the goal of showing
that their main terms cancel in the expression (2.8). Our main tools to this end are Lemma 4
and partial summation. We follow the method of Iwaniec [8, Proof of Proposition 1] closely,
with more effort being necessary only in the estimation of W (z; M, N). Consequently, we
state only the results for U(M, N) and V(z; M, N), noting that they follow in the same
fashion as the estimate of W (z; M, N) we provide below. In particular, the required estimate
for U(M,N) is

pnl ( ) ap—2+€ n\12B0+€
(2.12) UM 2M > buyba, o S A0, na)) + O (MO0 re NPty |

ni,ne<N 2

and the required estimate for V' (z; M, N) is
p(m)p(n2) € o g fa0—2te N 2ote
(2.13) V(2; M, N) 2M > buba, ;ln "2 A([ny, na)) + O (a€ + xMeo—2e N2oke)

ni,nae<N 2

Follwing Iwaniec’s method for W (z; M, N) as far as we can, we obtain
W MN) = > bayby, T (n1, a5, M) + O (2'F)
ni,no<N

where to define T*(ny,ne; x, M) we need to first define the integers ¢ and d. For integers
Iy, 1y < 47, let 0 < ¢ < [ng, ny] be the solution to

n
l{ | mod ———
' ( (n1,n2))
c = Iy (mod L)
(n17n2)

¢ = Iy (mod (ny,ng)),

C

and let
(nl ) n?)

d:= .
<n17n2;ll - lz)
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With the above definitions, we have

(2.14)
CREER DR SED DD DD D > L
l1,l2<% o<u<d 0<wv<d M<m<M1,(m,n1n2):1
l1=la(mod (2,n1,n2)) (1,d)=1 G(pl1+v)=0(mod d) m=p(mod d),ecm<Q<(c+1)m

G(plz+v)=0(mod d) Q=pl; +v(mod d),G(2)=0(mod m[ni,nz])

where M; = min <2M i %) . The innermost sum in (2.14) is precisely

1
P(M17M7 [n17n2]7duuwul1+v’ - ’ - )7
[711, nz] [711, n2]

so Lemma 4 implies that

A([n1, na])p([n1, na)) M, — M
T*(ny,no;x, M) = —_ 1
(2.15) e A0 [r1, 2] M;ﬁ p(d)o(d) 2
llzlg(mod (2,77,1,71,2))

+0 (:C2Ma0—2+eN2ﬂo+e) )

v

The sum } 1 is counting the number of integers p and v modulo d such that (u,d) =1
and G(ul;+v) = G(ula+v) = 0 (mod d). This is the same as the number of choices of ul; +v
and uly + v such that G(ul; + v) = G(uly + v) = 0(mod d) and their difference, p(ly — la),
is invertible modulo d. Since d is squarefree and the number of solutions is multiplicative in
d, there are exactly p(d)y(d) ways of doing this, where ¥ (d) is the multiplicative function
defined by 1 (p) := p(p) — 1 for each prime p. Hence, the sum in (2.15) is equal to

) Y el — e (Y on -

ny, N, b —1
lila<y7 ( b 2)
Ih=lo (mod (2,TL1 an2))

Since p(p) = 0,1, or 2, we must have that ¢(p) = 0,£1. We first note that if ¢(p) = —1
for some p | [n1,ns, then p(p) = 0 and so T*(ny, ne; x, M) would then be 0. We therefore
assume that 1 (p) # —1 and evaluate T*(ny, no; x, M).

— (e

Let n | (n1,n2) be maximal such that ¥(n) = 1, and let ny = T) Since we have

¢ (rttm) =+ (mrm)

it follows that v (ml—n"’))> = 0 unless ng | (I; — l3). Hence, we consider

(n1,n2,l1 =12

_ o((nna i — 1),
Hmna) 2=, o (i) =30

no
ll Elg (mod n())

which, by using the fact that (ny,ne,li — l5) = no(n,l; — lz), is given by

Y Gl h )M, — M),

(b(n) l1112<ﬁ

l1 Elz (mod no)
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We now have that, letting & := u * ¢,

Yoo =) = > Y &)

0<li<la 0<hi<ly  t|(n,li—l2)
l1*l2(mod TLo) l1£l2 (mod ’no)
b E) lap(n)p(n)
= ————+0
L O = 20,
where the last equality follows from the evaluation of -, 57) on primes. We are thus led

to consider
2

T
Z ly (mm (QM lz) M) = m—i—O( x).
<
Inserting these estimates into (2.15), we now see that
2

T*(ny,ng;x, M) = ;—M(A([m,nz])%p(n))

+O <fo—p (1)p(12) | 2y pao-24e py2s °+€) .

n1n9
Hence, we have
p(n2)  p(n)
2 p((n1,n2))
+O (xl—‘,—e + :L,QMQO—2+€N2+250+6) )

: _ p(na)p
Wi(x; M,N) = 2M Z by, b, o A([n1,na))

ni,ne<N

Since primes p | ng satisfy ¢¥(p) = 0 and hence p(p) = 1, we have that p((n1,n2)) = p(n).
This implies the required estimate, that

p(n1)p(ns)
:M,N) = E by, bp, ————=A
W($7 3 2M “ ni nins ([n17n2])
n1,n2

+0 (x1+e + xQMCvo 2+6N2+2,Bo+6> )

(2.16)

Inserting the estimates (2.12), (2.13), and (2.16) into (2.8), we see that the main terms
cancel, and we obtain that
(2.17) Z B(z;m, N)* < (x + a®M* > N>"20) g M N*,

M<m<2M

Returning to the statement of the lemma, let N = x"~ "¢, With this choice of N, it
suffices to show for any M < x'7% that

Z |B(z;m, N)| < x73/2,
M<m<2M
If M < 2'77°7¢ the trivial estimate
Bla;m, V)| < p(m) S p(n) < p(m) N
n<N

yields the desired result.
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If M > z'=707¢ we use the estimate (2.17) in equation (2.7), and obtain

Z |B(x;m, N)| < ((Ma:)l/2 + xMaOT4N1+ﬁ°) zMN*
M<m<2M
< ZE1_36/2
by our choice of M < z'78¢ and N = gro—ne, O

Armed with Lemma 3, we are now able to acquire the desired estimate for the sifting
functions S(Ag, u).

Lemma 5. If z < 2/?", then for any € > 0 and z sufficiently large, we have

1+ 7)logz —logq\ logz
> S(Agz) < V(z)x Z c? < 1 1 + Orog=(€) |
~ . 08 24 08 24
q<z g<zx?!
(9,P(z))=1 (¢:P(z4))=1

with vy as defined in Lemma 3, provided that for each ¢, z < 2z, < 2M? and 0 < cg < 1.

This lemma is essentially the same as Proposition 2 in [8], so we present it without proof.
We obtain a lower bound for the sum in Lemma 5 by replacing F' with f.

2.3. Proof of Theorem 1. With Lemma 5 at our disposal, we obtain a lower bound for
the size of the set

{1<n<zx:G(n)e P}
We wish to apply Lemma 2 and Lemma 5 to equation (2.5) to obtain a lower bound for
W (A, z). We may do this for each term in (2.5) but the short sum

3 (1 _ %) (A, 2).

rl-e<p<z

However, in this case, we make the estimate

X
S(A,,2z) €« ——,
. 2) plog(z/p)

yielding the bound O ( > For notational convenience, set

logx

log z

a:=1+ and v:= ez

By partial summation, we obtain

W(Az) > V(z)x( ( >+l/ / vty <a—:—t>%d§
Lmite
fo-or(5)5))

= V(z)x(W —e),




10 ROBERT J. LEMKE OLIVER

where we have let A tend to 2, which is permitted by continuity. Since I'¢ # 0, we have that
V(z) < log™* 2« by Mertens’ Theorem and we wish to show that W > 0.

We observe that W decreases monotonically as « increases from 1, so we wish to find
v < % such that W|,—; > 0. However, we will not immediately substitute o = 1 into the

above formula. Instead, we will choose v = ¢ and take the limit as « tends to 1 from the

right. Using that
o s—1 du
sF(s)=2e" [ 1+ log(u — 1)—
2

u

sf(s) = C(logs—l / / log(u — 1) i—u%)

if 3<s<5,and

_/24 {tlog (ggig) T (t+1)log (1 - g)} %dt) .

Upon taking the limit o — 11, we see that

= () () oo ) ).

which a numerical computation reveals to be positive.

3. AN EQUIDISTRIBUTION RESULT FOR THE CONGRUENCE G(z) = 0(MOD m)

Here we prove Lemma 4, an equidistribution result for the roots of the congruence G(x) =
0 (mod m), where G(x) is any irreducible quadratic polynomial. The proof of Theorem 1
is complete once this lemma is proved. Before we can do this, however, we need a result

concerning the Dirichlet series L(¢,s) = > °° L) where 1) = p * p and p(m) is the

m=1 ms )
number of incongruent solutions to G(z) = 0 (mod m).

Lemma 6. The series L(v, s) converges to a positive real number at s = 1.

Proof. 1f D is the discriminant of G(x), then, by Hensel’s Lemma, we can express the Euler
product for L(v, s) as

¥(p)
L(¥,s) = Ap(s) 1+ —=% | = Ap(s)Lo(, 9),
g( P )

where Ap(s) is the product arising from primes p | D. Since it is a finite product, it will have
no bearing on the convergence of L(1,1). Thus, we are only concerned with the convergence
of Lo(),1). Assuming that s is tending to 1 in the half-plane (s) > 1, we have that

log (Lo () Zlog (1—1— ) Z¢ Z 2%(1)_ ZMZD%?:)%—O(D

o P
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Since p(p) can be interpreted Galois theoretically and depends only on the conjugacy class C'
of Frob, in Gal(G), we have, letting Gal(G)# denote the set of conjugacy classes of Gal(G)
and recalling that ¢ (p) = p(p) — 1,

S Y -y Y
D

CeGal(@)* Frob,eC

- Y o -0t () o

CeGal(G)#

where 6(s) is holomorphic for R(s) > 1. The last equality follows from the Chebotarev
Density Theorem (for example, see Proposition 1.5 of [14]). The value of p(C') is the number
of roots of G(x) in C fixed by elements of C, so letting Fix(C) (resp. Fix(o), for 0 € Gal(G))
be the number of fixed points of an element of C' (resp. the number of fixed points of ), we
have that

Y H#HC-(pO)-1) = D #C -Fix(0) - #Gal(G)
CeGal(G)* CeGal(G)™
= Z Fix(o) — #Gal(G) = 0,
oeGal(G)

by Burnside’s Lemma. Hence, we see that log (Ly(1,s)) = O(1) as s tends to 1. Thus, the
infinite product converges and Lg(1), 1) exists, whence L(1, 1) does as well. The fact that
L(v,1) is positive and real comes immediately from its Euler product and the definition of

Y(m). O

We will also need a lemma of Iwaniec [8, Lemma 7] on the approximation of the charac-
teristic function x;(t) of the interval I := [«, 8) C [0, 1) by Fourier series.

Lemma 7 (Iwaniec). Let 2A < f —a < 1 — 2A. There exist two functions A(t) and B(t)
such that

Ix1(t) — A(t)| = B(t)
and

Alt) = B—a+) Ape(ht)

h+£0
B(t) = A+ Bue(ht),
h+£0
with Fourier coefficients A, and B satisfying
) 1 A2
(3.1) |Anl, |Br| < min (m, _|h]3) =: C},.

Armed with Lemmas 6 and 7, we now prove the main result of this section, which is a
generalization of Iwaniec’s Lemma 4 [8], and is the precise statement of our Lemma 4. For
a squarefree integer g we define

o(q) L4, 1)

(3.2) Alq) = 0 L)’
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where ¢(n) is Euler’s totient function,

(33) Ly, 1) =] (1 . @ - ww) |

pr

plg

and 7, is the smallest integer such that ¢(p*) = 0 for all k > r,. We note that 7, exists as a
consequence of Hensel’s Lemma because G(z) is irreducible.

Lemma 8. Let ¢ be a squarefree number, d an odd divisor of ¢, u an integer prime to d,
and w a root of G(z) modulo d. Furthermore, let M < M; < 2M and 0 < a < 8 < 1. Let
P(M,, M;q,d, p,w,a, 5) denote the number of pairs of integers m, {2 such that M < m < My,
(m,q) =1, m = p(mod d), a < m% < B, G(2) = 0 (mod mgq), and 2 = w (mod d). Then
there are constants ay < 1 and By such that, for every ¢ > 0,

A
P(My,M;q,d, p,w,a,8) = (8 —a)(M; — M)p <%) % +0 (Mao+eqﬂo+e) .
Proof. By Lemma 7, we have that
(3.4)
P(Ml,M;q,d“U/,W,Oé,B):(ﬁ—Oé> Z 1

M<m<Mji,(m,q)=1,m=p(mod d)
0<Q<mq,G(2)=0(mod mgq),Q2=w(mod d))

+0 <p(q)AM Y ch‘ 3 e (:1_%) D

h#0 M<m<Mi,(m,q)=1,m=p(mod d)
0<Q<mq,G(2)=0(mod mq),2=w(mod d)

By the Chinese Remainder Theorem, the sum in the main term above is given by

p(3) X em = p(3) X v@ X1

(m.q)=1 (a.0)=1 " b=pa(mod d)
m=p(mod d) =H

+p (%) > > W (a).

b<2M /2 max(%,T)<a<&

" b
(b,g)=1 a=pb(mod d),(a,q/d)=1

If (a, D) =1, then ¢(a) = (£) u(a)?. Hence, we have that

o(3) X m=a(f) v (s(f) Mg ro(e(3)

M<m<M; a<T,(a,q)=1

+0 <P(Q)¢(Q)M %“)

= (5o () 25 M40 (patar=) +0 (arotan)

d a<T
(a,LT)ZI
o q q M, — M L(l/},]_) ¢(q) —1+e 1+e % €
=0 (e (D) 1y o (et (w2 Pro s ariv) )

By choosing T = M2, we see that the error above is O (M%“ql*f) .
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We now estimate the error term in (3.4), which is

O(,o(q)AM+ZCh > ) e (:1—2) ')

h#0 M<m<Mi,(m,q)=1,m=p(mod d)
0<Q<mq,G(2)=0(mod mgq),Q2=w(mod d)

We will bound the above sum by an estimate of the form

h$)
(35) Z e (m_q> < Ma2+eq52+e Z th (1 + hMa3+eq63+e) T(h)
1,m=p(mod d)

M<m<My,(m,qg)= h#0
0<Q<mgq,G(Q2)=0(mod mq),Q=w(mod d)

M esteBste
(3.6) < Metegrte (1 + Tq) (log A)?,

where ap < 1, a3 < 1 — an, and [, and (3 are real numbers, and the last equality has come
from (3.1).
If as < 0, we take A = M¢", yielding that the error in equation (3.4) is

10 (M1+a3+eq53+€ + M02+6q52+6) 7

in which case we may take ap = max (2, s, 1+ ag) and By = max (1, B2, 83) . If ag > 0, we

take A = M2 qf33, yielding that the error in equation (3.4) is

0 (M= eghure 4 pr R e

(1 M) and By = max (1, B, B3) . Thus, it only remains to

and we may take ap = max

establish (3.5).
We begin by removing the condition that (m,q) = 1 by Md&bius inversion:

s s ()
M<m<Mi,(m,q)=1,m=p(mod d) 13z 1 gM<E<qM,E=pq(mod dq),E=0(mod lq)
0<Q<gm,G(2)=0(mod mq) Q=w(mod d) 0<Q<E,G(2)=0(mod E),Q=w(mod d)
We will estimate the inner sum by using the theory of quadratic forms, a method originally
due to Hooley [7]. If ¢; and E are relatively prime, there is a bijection between roots G(Q2) =
0 (mod E) and quadratic forms [E,y, z] of discriminant D, given explicitly by Q = ¥52¢,
where 0 < ¢; < FE is the inverse of ¢; modulo E. To apply this correspondence, therefore
we first take out the part of E not relatively prime to ¢y, getting
h§2 * hvu x ([ hQ
ISR ¢ D o S S C S DG
gM < E<qM,E=pq(mod dq) f<T 0<u<fea o<w<f EQ

E=0(mod lq),0<Q<E (fie1)=1 (u,c2)=1 G(v)=0(mod f)
G(2)=0(mod E),Q=w(mod d) v=w(mod (d.f))

+O ((qM)H%TfH»e) ’

where the star on the first summation indicates that f is composed only of primes dividing
Co, U is the inverse of u modulo fco, f is the inverse of f modulo E, T is a parameter to
be specified later, and the star on the innermost summation indicates that £ and 2 satisfy

% < FE < qu , fE = 0(mod lg), fE = pg(mod dg), E = u(mod fep), 0 < Q < E,

0= (mod ) and G(2) = 0 (mod E).
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We are now able to use the bijection between roots of quadratic congruences and quadratic
forms. From the explicit construction described above, we have that

5o - £ ()

EQ [E,y,z]
_ Z*e Wy —c) _ huly — )
2fCQE 2f62 ’
[E,y,2]

where we have transferred the congruence conditions on {2 to conditions on y. Now, suppose
the form [E,y, 2] is equivalent to [a,2b + ¢y, ¢] under the action of T'%(fcy). In other words,
)

(53) (e )5 5)=(F 1)

I(fcy) = {( ?; g ) € SLy(Z) : B =0 (mod fcz)}.
Then we have that

there is an < : o > € T'%(fcy) such that

ISENIS]

E
y
2

where

(3.7) E =ac® + (2b + c1)ay + ¢y =: By,
and
(3.8) y = 2a0 + (20 + 1) (ad + By) + 2¢y0.
Hence, we see that

% = aaf + cy0 + b(ad + B7) + 187,

from which it follows that

a? _2 a_ BE.. +cy+ ba.
Thus, we have that
My—c) huly—ca) _ hB N h(ey +ba)  hu(BEay + ¢y + ba)
2fco B 2fco N foa fesaEy fesa
_ h ((Efcz — 1) cliry — Efcﬂ) N h(cy + ba) _ hbu (mod 1)
fear feosalE, feo
h((feafca — 1) ciy — feafeo?y
_. ((f02f02 ) cury fczfcﬂ) + has,
fea

where 7 and fc, are the inverses of v and fc, modulo o, respectively. To simplify notation,
we denote by 6, , the quantity on the right hand side of the final equation. We note that
we may obtain a similar expression for 6,, with v in the denominator. With this notation,
we have that

. (WQF / .
(3.9) Z e <Tf> = Z Z e (fay)
EQ Q=la,2b+c1,c] oy

where the outer sum runs over a set of representatives of quadratic forms @ = [a,2b+ ¢, (]
of discriminant D under the action of T°(fcy), and the inner sum runs over coprime integers
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qMi

« and 7 such that % <aa? + (2b+c)ay + ey < 7

the form (3.7) and (3.8), and satisfying

, restricted to one representation of

fEqs, =0(mod lg),
[Eay = pg (mod dg)
(3.10) E.,=wu(mod fcy), and

-_> (cfy—|—ba)—aw50<m0d #).

If either o or « is fixed, the number of simultaneous soltuions to these congruences, cg, is
bounded by (g, ¢)7(q)(fez)2. Since ¢ = O(1) if G(z) is monic, we have that c¢ is O(¢°) if
G(z) is monic and O(¢Tf2) otherwise.

Returning to (3.9), we now break into two cases, depending on the sign of D. If D is
negative, then the forms [a, 20 + ¢, ¢| are positive definite, and we may write

* ﬁ B / L *e
(3.11) > e( = )_ > ‘FQ‘; (Bary)

B0 Q=la,2b+e1,c]

where the summation over o and + is no longer restricted to one representation of (3.7) and
(3.8) and T'g is the isotropy subgroup of @ in I'’(fcz). We consider this case completely
before handling the indefinite case, D > 0.

Since the number of reduced forms is finite, we are primarily concerned with estimating

Z e(0ay) = Z e (0ay) + Z e (0ay) -
a,y v <] laf<|v]

These two sums can be handled in the same way, so we will only provide details for the first.
In this case, we have that

(3.12)
. o (n((Feafer = 1) ciy = Feafer) )
e(lay)| <cg )y sup e < + hpory | |-
|v|z<|:a Za: M A(Zm;d A) fea

We will use partial summation to handle this inner sum. To do so, we note that

max(|al, [b], |c])

313 a,y — Pa
( ) gb Y ¢ +1 < |OZ|CIM

We will also need the following estimate for incomplete Kloosterman sums, which can be
derived from Weil’s bound via the method of completion.

Lemma 9. If u, v, and s are integers and if 0 < ro — r; < 2s, then, for any integers A and
A, we have that

N|=

E e (ur i W) < S%J“E(u,v, s)z.
s
1

r1<r<ra,(r,s)=
r=A(mod A)
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Now, by using Lemma 9 and (3.13) with partial summation in (3.12), we get that

* h , 0], 1
Z e(lay)| < coqit Mitefa (1+ max(!;\’/[‘ | ’Cl)) z:(oz,h)é

«

h b
< aoqtrartep b (1 ML RLID) 1)

We obtain the same estimate for Zl*al <hl-

If G(z) is monic, then max(|al, b, |c|) < |D|z = O(1) by the theory of reduced forms
for SLy(Z)(= T'°(1)). Since the number of reduced forms is finite and depends only on the
discriminant, we then have that

« (hQ syl h
— | = it Mate (14 — h)|.
ZG(E) O(q (+qM) ())
EQ
The same estimate holds for 3 e ( ) establishing (3.5).

If G(z) is not monic, by considering the coset representatives of T'°( fcy) in SLy(Z), which
can be taken modulo fey, we obtain max(|al, |b],|c|) = O(fz), from which it follows that

E.Q

where Hp(fcy) denotes the number of reduced forms of discriminant D with respect to the
action of T'Y(fcy). By again considering the coset representatives of T'(fcy) in SLy(Z), we
see that

Hp(fe2) < Hp(1)[SLa(Z):T%(fe)] < f17.
Hence, we have that

he) N hf2
e M 1+6T—1+e 4+6M4+5 H 4+e 1
Se(B) < +q DY Y e (1+20)

m,Q FET (u,fez)=

hT2 *
M rep—1te 1+EM§+ET9+5 (1 1
< (¢M) + gt MTTT I (h) T ];

hT?
< (qM)1+eT—1+e + q£+eM%+eT%+eT(h) (1 + W)

where, on the last line, we have used that there are O(T¢) values of f < T whose prime
divisors all divide ¢;. Upon choosing T = ¢~ 13 M 13, we see that (3.5) holds, with

hQ 1 12 1 11

Y e <—) < gt (14 hg Ba8) r(n),
mq

m,$2

We now consider the indefinite case (i.e. when D > 0). To deduce (3.5) from the sum in
(3.9), we apply the theory of Pell-type equations. If D =0 (mod 4), let

D
U2_ZU2:1
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be chosen such that 7 := u+v\/§ is minimal with 7 > 1. If 7" = u,, —I—Um\/é, let k& = ke,
be the smallest positive integer such that vy = 0 (mod fep). If D =1 (mod 4), let
D -1

u? 4+ uv — v =1

2 2
we again let k£ be the smallest positive integer such that vy = 0 (mod fes).

With this notation, since we may take a > 0, there is a unique representative of (3.7) and
(3.8) satisfying a > 0 and

be chosen such that 7 := u +v <M> is minimal with 7 > 1. If 7 = w,, + v, ”\/5),

2a(th — 1) 2a(TF — 1)
- a<v< Q.
b+ (tF+1)vD (tF+1)vD —b
We apply the same techniques as in the positive definite case and find that
« [ hQ hf?
> e (f) < ceqiT MY FITH L (fe) (1 + QLM> 7(h),

EQ

from which we derive that

hs2 Steqsdte h
Ze(m—q)<<q M <1—|—qM)7'(h)

m,Q)

if G(z) is monic, and

Q
Z e (h—) < grteMEte <1 - hq_%M_%> 7(h)
mq

m,$2
if G(x) is not monic. This establishes (3.5).
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